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SELF-COINCIDENCE OF FIBRE MAPS
ALBRECHT DOLD and DACIBERG LIMA GONC¸ALVES
(Received September 24, 2003)
Abstract
We study coincidence points for maps 1 2 : into manifolds such that
1 is homotopic to 2. We analyze the first and higher obstructions to deform 1
away to 2. The main results consist in solving this one problem for the (gener-
alized) Hopf bundles, which are -principal bundles : (the -th
stage of Milnor’s construction), with = 1 3. We also consider the question for
general maps : with = 1 3.
1. Introduction
Given two maps 1 2 : we study the problem of making them
coincidence-free, i.e. deforming them, 1 1, 2 2, such that 1( ) = 2( ),
. For the most and main results we assume to be a manifold. This has
the advantage that we need only deform one of the maps, say 2 2, and obtain
1( ) = 2( ) whenever 1( ) = 2( ) (see [1]). We use the following notation: 1 2
if 1( ) = 2( ), and 1 2 if 2 is homotopic to some such that 1 .
For instance, if dim dim (both paracompact) then 1 2 for all
1 2 : . If dim = dim and is connected, non-compact, then again
1 2, 1 2. If is compact connected and dim = dim = then there is
one potential obstruction which can be regard as an element of ( Z) (with some
local coefficient system Z, see Proposition 2.11) for 1 2.
New viewpoints arise when dim dim , and this is the subject of the present
paper. We consider simple cases, however, e.g. fibre bundles : and ask
whether . For the classical Hopf bundles C : 2 +1 C , H : 4 +3
H , we obtain
Theorem 1.1 (see Theorem 3.5). We have C C 2 + 1.
Theorem 1.2 (see Theorem 3.9). H H 24 + 1.
General principal 1- resp. 3-bundles : C resp. : H are
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classified by Map[C C ] = 2C = Z resp. Map[H H ]
4(H ) = Z, where in the latter case the map is defined right before Proposi-
tion 3.3.
Theorem 1.3 (see Theorem 3.2). =⇒ + 1.
Theorem 1.4 (see Theorem 3.4). =⇒ ( ) + 1.
Examples of non-bundles which we can handle are the integral multiples of
[ C] 2 +1(C ) and [ H] 4 +3(H ), as follows
Proposition 1.5 (see Proposition 4.3). If is even then C C 2 .
Proposition 1.6 (see Proposition 4.4). If + 1 is not divisible by 24 then:
(1) 1H 1H if 12
(2) For 1, H H if 24 .
For the case where = 0 (the cyclic group Z2) then we have the maps
: R . So we have maps between manifolds of the same dimension. We leave
to the reader to verify that 2 + 1.
The paper is divided into three sections. In Section 2 we discuss generalities about
the obstruction to make ( ) coincidence free, when : is continuous or dif-
ferentiable. Then we compute the primary obstruction assuming that is a manifold
(Proposition 2.11). Also, we express the problem of removing coin( ) in two dif-
ferent ways: one in terms of the existence of a lifting of the map : into the
sphere bundle of the tangent bundle of , (Proposition 2.13) and the other in terms of
nowhere-zero cross section of the horizontal tangent bundle of (Proposition 2.16).
In Section 3, using the explicit calculation of the cohomology of -principal bun-
dles over , for either equal to 1 or 3, and the primary obstruction, we show
that ( ) and ( ) can not be made coincidence free for certain pairs of val-
ues of , and ( ), , respectively (Theorems 3.2 and 3.4). Then, by using results of
Section 2, we prove the cases where = 1 and induces the fibre map 3, which
are Theorems 3.5 and 3.9. Also some other -bundles over ( = 1, 3) are
considered.
In Section 4 we analyze for which multiples of a map : , can ( , )
be made coincidence free. In the appendix we show that for Hopf fibration : 15
8
, ( ) can not be made coincidence free. We were not able to prove this last re-
sult, using the techniques developed in Sections 3 and 4.
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2. Generalities
Let : denote a fibration, and : an arbitrary map. In this
section we study the problem of making ( ) : coincidence free. We con-
sider several cases, assuming certain hypotheses on the spaces and on the map .
The case where is a fibration, introduces some simplifications and will be treated
in the next section. A variation of the above problem is to study the problem of mak-
ing ( ) : coincidence free by small deformation. The precise formulation of
this question is given after Proposition 2.12 in terms of the normal bundle of the graph
of . We use the following notations and definitions: A pair of maps : is
disjoint (coincidence free), in symbols , if ( ) = ( ), . They are homo-
topy disjoint, in symbol , if deformations : , : , 0 1
exist such that 0 = , 0 = , and 1 1. Otherwise they are not disjoint, in sym-
bols , or they are not homotopy disjoint, in symbols , respectively. We
have chosen the unsymetric notation because in many cases one of the deformations
is redundant. For example, if is a manifold Proposition 2.4 shows the problem of
making ( ) : coincidence free by deforming both maps is equivalent to the
problem of making them coincidence free by either deforming the first map or the sec-
ond map.
For : an arbitrary map we have:
Proposition 2.1. If the identity of can be deformed to a fixed point free map,
then for all : , by composing with the given deformation.
Corollary 2.2. If the base is a non-compact connected manifold, then for all
: . If is a compact connected manifold and ( ) = 0, then
for all : .
Proof. In both cases admits a deformation without fixed points.
Proposition 2.3. Let be a topological group which acts freely on a space ,
and a subgroup. If the connected path component of which contains the
identity is different from the connected component of which contains the identity
(i.e. = ), then we have , where : is the projection.
Proof. Take any element . As and the -action is free we
have that ( ) = ( ), for all . On the other hand, as , there is path
: [0 1] with (0) = , (1) = = identity. Therefore ( ) provides a
deformation of into , hence
EXAMPLE. If = 3 acts freely on , and = 1 3 then Proposition 2.3
applies to the projection : , i.e. . If = = 4 +3 = 2 +1 this
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gives for the Hopf map = 2 +1 : 4 +3 C 2 +1. This proves a half of
Theorem 3.5.
For ( 1 2) : an arbitrary pair of maps, where is assumed to be a man-
ifold, we have (see [1, Theorem 1]):
Proposition 2.4. If 1 and 2 are homotopic to 1 and 2, respectively, then
there exists 2 homotopic to 2 such that
coin( 1 2) coin( 1 2)
Proof. The following is a simple proof. Let ( ) 1 , where 1
is the projection in the first coordinate. Since is a manifold, by [3], this is a fibre
pair. Let be a homotopy from 1 to 1. This homotopy at the level = 0 has a
lifting, namely ( 1 2) : , ( 1 2)( coin( 1 2)) . By the
lifting property of fibre pair, the homotopy has a lifting such that ( )(
coin( 1 2)) , for all [0 1]. In particular, ( 1)( coin( 1 2))
. Hence ( 1) is of the form ( 1 2).
Proposition 2.5. Let : be a fibration and : a map then
1 for some 1 .
Proof. If then there is a homotopy : , 0 1, with
0 = and 1( ) = ( ), . Since is a fibration there is a covering
homotopy : with 0 = , and 1 = 1. This proves one direction, the
other being clear.
REMARK. If : is a cofibration and : a map then
1 for some 1 .
Corollary 2.6. Let 1 : 2 +1 C be the Hopf bundle. If 1 , then
is homotopic to 1.
Proof. The map : 2 +1 C lifts to a map : 2 +1 2 +1 because
1 : 2 +1 C generates 2 +1(C ). By Proposition 2.5, the map is homo-
topic to a fixed point free map. Hence it has degree one.
Proposition 2.7. If : is a fibration then every map homotopic to
is equal to , where : is (a deformation) homotopic to the identity.
Proof. This follows by the covering homotopy property.
SELF-COINCIDENCE 295
Corollary 2.8. We have if and only if there is a deformation :
of the identity such that ( ) = ( ) for all .
REMARK. In Theorem 3.5 we will show that 1 1 for even. This shows
that 1 has the property that the pair ( 1 ) has always a coincidence point for
any map i.e. 1 has the coincidence point property (in the notation of [2], 1
is a coincidence producing map). Note that C ( even) has the fixed point property
which is the same as the identity has the coincidence point property.
Let [ ] [C C ] be the unique homotopy class of maps which
corresponds to the maps inducing in 2(C ) multiplication by 1. We have that
C is a simply connected manifold and, if is odd, the Lefschetz number of a
map in the homotopy class is zero. By the converse of the Lefschetz fixed point
theorem there is in the homotopy class which is fixed point free. In fact we
can define explicitly one such map by the formula 2 +1[ 0 1 2 2 +1] =
[ ¯1 ¯0 ¯3 ¯2 ¯2 +1 ¯2 ]. Thus,
Corollary 2.9. 2 +1 2 +1 is homotopic to 2 +1, .
REMARK. Corollary 2.9 shows one of the implications of Theorem 3.5, i.e. if is
odd =⇒ 1 1.
Proposition 2.10. If = , then 1 2 implies that 2 is homotopic to 1,
where is the antipodal map on .
Proof. Let 1 be a map homotopic to 1 and 1 2. Then 1 and 2 have
distance less than so they are homotopic and we have 1 2.
E. Fadell and S. Hussein in [4] developed the fixed point theory in terms of clas-
sical obstruction theory. Their framework applies also for coincidence theory. In most
of cases, the problem of deforming a pair of maps to coincidence free is equivalent to
the problem of showing that certain higher obstructions vanish. As a first stage in this
direction we compute primary obstructions to deform away self-coincidences, i.e. to
deform ( ) to coincidence free pairs, where : is an arbitrary continuous
map and is a compact. In most cases, however, we’ll have to deal with higher ob-
structions. Also under the hypothesis that the domain is a co-H-space, we compare the
obstruction to deform the pair ( + + ) to coincidence free with the obstructions to
deform the pairs ( ) and ( ) to coincidence free. The background in obstruction
theory can be found in [8] or [11].
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Proposition 2.11. If is a connected -dimensional manifold (compact, in view
of Corollary 2.2) and : , then the primary obstruction to lift ( ) in

//
by deformation, is the -image of the primary obstruction to lift ( ) in

//
by deformation. The latter is the twisted Euler class of , i.e. = ( ) , where ( )
is the Euler characteristic of and = 1 -twisted fundamental class.
Proof. That the primary obstruction to lift ( ) is the Euler twisted class fol-
lows from [4, Remark 4.8]. The rest is by naturality.
Proposition 2.12. Let be a co-H-space and : two maps. If for
given an obstruction is defined both for and for then also for + , and for
these , ( + ) = ( ) + ( ).
Proof. Consider the diagram:

// // // //
The obstruction to lift ( ) is the cohomology class defined by the
sum of two cocycles 1, 2, where each one 1, 2 represents the obstruction to lift
( ) restricted to each one of the two copies of in . Hence 1,
2 represent ( ), ( ), respectively. So the composite with represents ( + ).
A variation of our original question arises naturally in our discussion. Given
: denote by the graph of . We define: A pair of maps
( ) : is homotopy disjoint by small deformation if , the normal bun-
dle of , admits a nowhere-zero cross section. It follows from the definition that if
a pair ( ) is homotopy disjoint by small deformation then it is homotopy disjoint.
The converse is likely not to be true.
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In the next result we give a homotopy condition which is equivalent ( ) be ho-
motopy disjoint by small deformation. Also, under certain hypotheses, we show that
being homotopy disjoint by small deformation is equivalent to being homotopy dis-
joint. Let : be a continuous map ( arbitrary), and a compact differen-
tiable manifold. Let be the tangent bundle of the differentiable manifold , ( )
the sphere bundle and : ( ) the projection map. We have:
Proposition 2.13. The map : admits a lift to ( ) if and only if
( ) is homotopy disjoint by small deformation.
Proof. The lift provides a nowhere-zero vector field transverse to . So we
obtain a nowhere-zero cross section of the normal bundle. The converse is similar.
Now we will show some results that if a pair is homotopy disjoint then it is also
homotopy disjoint by a small deformation and will be used in our applications. Let
be a complex, = dim and : ( 1) ( ) be the inclusion of a
small closed -dimensional disk around the point .
Lemma 2.14. Let : be a map and ( ( )) =
( ( )) = 0 for 0. If 0 2 dim 2 or # : 0 ( 1)
0 ( ) is a split monomorphism, then the obstruction to have
vanishes if and only if the obstruction for : admits a lift to ( )
vanishes.
Proof. Because of the hypotheses the 0-th obstruction is well defined in both
situation. Suppose that the -th obstruction for : admits a lift to ( ) is
zero. Then the map : restricted to the 0-skeleton, denoted by 1, admits
a lift to ( ), which we denote by 1. Then by Proposition 2.13 the pair ( 1 1) is
homotopy disjoint by small deformation; hence 1 1 and the -th obstruction to
have vanishes.
Conversely suppose the -th obstruction to have vanishes. Let
: ( 1) ( ) be the inclusion of a closed disk and : ( int( ))
( 0) the map of degree one which takes the subspace int( ) into the point 0.
The composite induces a map ( 1) = 1( 1) ( 0). It is not hard
to see that this homomorphism is the suspension homomorphism. Now we argue by
obstruction theory. Consider the map of pairs exp : ( ( ) ( )) ( )
given by the exponential map where ( ) is the disk bundle of the tan-
gent bundle of . The inclusions 1 : ( 1) ( ( ) ( )) and
2 : ( ) ( ) induce isomorphisms in the homotopy
groups. So we can look at the obstructions to lift to the sphere bundle and to deform
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to coincidence free having coefficients in ( 1) and ( ), respectively.
Let 0 ( 0 1( 1)) be the 0-th obstruction to find a lifting to ( ). Since
( ) is the obstruction at dimension 0 to have , we have ( ) = 0. Since
the suspension homomorphism is an isomorphism for 0 2 2, we conclude that
= 0. Finally if # : 0 ( 1) 0 ( ) is a split monomorphism, then
0 ( ; 0( 1)) is a summand of 0 ( ; 0( )).
Corollary 2.15. Let be the -sphere and either a sphere of dimension 2 4
or 8, or a ( 1). Then the following conditions are equivalent:
(1)
(2) the map : has a lift to ( )
(3) ( ) is homotopy disjoint by small deformation.
Proof. Since (2) and (3) are equivalent and (3) implies (1), it is enough to show
that (1) implies (2). Let dimension of be either 2,4 or 8. Since the suspension map
( 1) = 1( 1) ( 0) has a left inverse for = 2, 4 and 8, see [9,
Introduction] or [8, 21.2], we have in particular that # : ( 1) ( )
is a split monomorphism and the result follows by Lemma 2.14. Now let be a
( 1). Call ˜ the universal cover of . Then ˜ is a contractible space and the ho-
motopy groups ( ) are isomorphic to ( ˜ ˜ ), where is a discrete
subset which has the cardinality of the group 1( ). But ˜ has the homotopy type
of a bouquet of spheres. The inclusion of one of these spheres corresponds to the in-
clusion : ( 1) ( ) and again we obtain that # : ( 1)
( ) is a split monomorphism.
REMARK. Suppose is the sphere and : is a fibration which has
the property that every great circle is contained in some fibre. Then if and only
if the map : admits a lift to ( ) without the hypothesis 2 dim 2.
This follows easily from Proposition 2.5 and the uniqueness of a geodesic connecting
two non antipodal points in the sphere.
Suppose that : is a map ( smooth manifolds). Then we have the hori-
zontal bundle with respect to the map , denoted by ( ), which is the pullback of
the tangent bundle of by . Then we have:
Proposition 2.16. If : is a map where is a smooth manifold then
the map : admits a lift to ( ) if and only if the horizontal tangent bun-
dle ( ) over has a nowhere-zero cross section. Therefore we have that ( )
is homotopy disjoint by small deformation if and only if the horizontal tangent bundle
( ) over has a nowhere-zero cross section.
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Proof. The second part follows from the first part together with Proposition 2.13.
To show the first part let us first assume that : has a lift to ( ). The
universal property of a pullback together with the lifting of provides a nowhere-zero
cross section of ( ). Conversely let the horizontal tangent bundle ( ) over
has a nowhere-zero cross section. Then let be the composite of this section with
the projection ( ) . Since the cross section is nowhere-zero, by dividing it by
its norm, if necessary, we get the desired lift of .
3. Principal S1 and S3-bundles over CPn and HPn, respectively
In this section we discuss self-coincidences for principal -bundle maps over pro-
jective spaces where is either 1 or 3. In the particular case of the generalized
Hopf bundles we denote the complex ones by C : C C and the quaternionic
ones by H : H H . We divide this section into two parts. In Part I we treat
those cases where the problem is solved by using the primary obstruction and the main
results are Theorems 3.2 and 3.4. In Part II we analyze higher obstructions. Then we
obtain the main results which are Theorems 3.5, 3.9 and Proposition 3.10.
Part I: The primary obstruction
Let us start with the principal 1-bundles over 1 which is C . Over C ,
for each integer , we have the 1-principal bundle : C where the total
space is obtained by taking the quotient of 2 +1 by the cyclic subgroup Z 1 of
order . The quotients , are the Lens spaces ( ; 1 1) which fibre over C .
This bundle : C is the principal 1-bundle classified by the map C
C which represents 2(C Z) = Z, and which we also denote by . Unless
stated, the coefficients will be the integers.
Proposition 3.1. The principal 1-bundles over C are classified by integers ,
say C , and
( ) =
Z = 0 2 + 1
0 = 1 3 2 1
Z Z = 2 4 2
Proof. This follows easily from the Gysin sequence of .
Theorem 3.2. =⇒ + 1.
Proof. The primary obstruction to make ( ) coincidence free is
( (C ) C ) = ( + 1) ( C ). From the Gysin sequence (see Proposition 3.1)
( C ) generates 2 ( ) = Z . Therefore if the primary obstruction van-
ishes and + 1.
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Now we look at the symplectic case. Even though the classification of the
3
-principal bundles is more complicated than in the complex case, we obtain similar
results. The 3-principal bundles over H are classified by homotopy classes of maps
into 3 or into H . The homomorphism induced by the classifying map of the
3
-principal bundles on cohomology at dimension 4, is multiplication by an integer.
For a given classifying map denote this integer by ( ) and by the 3-principal
bundle over H which is classified by the map .
Proposition 3.3. As in Proposition 3.1, the total space of the 3-principal bun-
dles : H classified by the map has
( ) =
Z = 0 4 + 3
0 = 1 2 3 5 6 7 9 4 1 4 + 1 4 + 2
Z ( )Z = 4 8 4
Here ( ) is given by the induced homomorphism in 4 of the classifying map of
the principal bundle.
Proof. Similar to the proof of 3.1.
Theorem 3.4. =⇒ ( ) + 1.
Proof. Similar to the proof of 3.2.
Part II: Higher obstructions
Now we will consider the remaining principal -bundles which were not analyzed
in Part I, which correspond to the values of and ( ) which divide + 1. See The-
orem 3.2 and Theorem 3.4. We first consider the generalized Hopf bundles, in which
case = 1, 1 = C, and ( ) = 1, = H.
We consider first the complex case.
Theorem 3.5. We have C C 2 + 1.
Proof. Let be odd. By Corollary 2.9 follows that is homotopic to .
Since they are disjoint follows C C. For the converse assume that C C.
By Proposition 2.16, Lemma 2.14 for 1 and Proposition 2.16, Corollary 2.15 for
= 1 there is a nowhere-zero section of the horizontal bundle. The fact that the ver-
tical bundle is trivial, implies the existence of at least two linearly independent vector
fields over the sphere 2 +1. By the formula which gives the number of vector field on
the spheres (see [5] Theorem 8.2 page 156) we must have + 1 even.
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For the quaternionic case we give a description of the horizontal bundle of the
fibre map.
Proposition 3.6. The horizontal tangent bundle of the projection 3 : 3
3 is isomorphic to (Sp( + 1) H ) Sp( ) 4 +3. Sp( ) acts on the left of H ,
in the obvious way, and on the right of Sp( + 1) by multiplication by the inverse.
Proof. Consider the evaluation map from Sp( + 1) H to the horizontal bundle.
Namely, given Sp( + 1) and H then ( ) is a vector which is perpendicular
to the symplectic subspace generated by ( +1). So it is an element of the horizontal
bundle, and the result follows by routine argument.
For the sake of clarity we will start by studying the Hopf fibration, 1H : 7
4
.
Proposition 3.7. We have 1H 1H.
Proof. Since the base of the bundle is the sphere 4 by Corollary 2.15 and
Proposition 2.16 the claim is equivalent to the non existence of a nowhere-zero hor-
izontal vector field. We consider the clutching function of the principal fibration
Sp(1) Sp(2) 7 which is a map from 6 into Sp(1). It is not hard to see
that when we compose the inclusion of Sp(1) into SO(4) followed by the projection
onto 3, we get a map homotopic to the identity, after identify Sp(1) with 3. So the
composition of the clutching function with the composition above is homotopic to the
clutching function, which we know is not trivial. In fact it is a generator of 6( 3).
So the bundle does not reduce.
REMARK. The argument used in the proof above shows that if we replace Sp(2)
by any non trivial 3-principal bundle over 7, then the associated 4-dimensional vec-
tor bundle 4 over 7 does not reduce.
Now we will prove the remaining cases in the symplectic situation, namely when
the fibre maps are ( 3) 1.
Proposition 3.8. 1H 1H the homomorphism 4 2(Sp( 2))
4 2(Sp( 1)), induced by the inclusion Sp( 2) Sp( 1) is a bijection.
Proof. The bundles in question satisfy the hypothesis of Lemma 2.14. So by
Proposition 2.16 the first condition is also equivalent to the existence of a nowhere-
zero horizontal vector field. We have already seen in Proposition 3.6 that the horizon-
tal bundle is isomorphic to (Sp( ) H 1) Sp( 1) 4 1. The clutching function
302 A. DOLD AND D.L. GONC¸ALVES
for this vector bundle is the composition 4 2 Sp( 1) SO(4 4) where
the first map called is the clutching function for the principal bundle Sp( 1)
Sp( ) 4 1. Let denote the composite map. We want to decide whether the
map
SO(4 5)

4 2 // SO(4 4)

4 5
factors through SO(4 5). From the commutative diagram of fibrations
Sp( 2) //

SO(4 5)

Sp( 1) //

SO(4 4)

4 5 = // 4 5
by taking the long exact sequences in homotopy, we get the commutative diagram
4 2(Sp( 2)) //

4 2(Sp( 1)) //

4 2( 4 5) //
4 2(SO(4 5) // 4 2(SO(4 4)) // 4 2( 4 5) //
and factors through SO(4 5) if and only if is zero. The first row above,
which is the exact sequence homotopy associated with the fibration Sp( 2) Sp(
1) 4 5, becomes:
// 4 1( 4 5) // 4 2(Sp( 2)) // 4 2(Sp( 1)) // 4 2( 4 5) //
where the first group is the 4-stem homotopy group of the sphere which is zero,
see [9]. So follows that the induced homomorphism 4 2 : 4 2(Sp( 2))
4 2(Sp( 1)) is injective. The clutching function of the principal bundle
Sp( 1) Sp( ) 4 1 is a generator of the cyclic group 4 2(Sp( 1))
by [10, Theorem 2.2]. Therefore this element is in the image of the homomorphism
if 4 2 : 4 2(Sp( 2)) 4 2(Sp( 1)) is surjective.
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By using the knowledge of some metastable homotopy groups of Sp( ) we have.
Theorem 3.9. 1H 1H 24 .
Proof. We divide into two cases. Suppose first that is even. By the previ-
ous Proposition we have that it suffices to see when the two groups 4 2(Sp( 2))
and 4 2(Sp( 1)) have the same cardinality. By [7] and [6] we have that
4 2(Sp( 1)) = Z2 (2 1)! and 4 2(Sp( 2)) = Z((2 1)!( 24)) 12, respectively, where
( 24) is the g.c.d. of and 24. Therefore the two groups have the same cardinality
if and only if ( 24) 12 = 2, that is, 24 .
Therefore the first group has cardinality strictly bigger and we have that 1H
1H. If 24 then the groups have the same cardinality and the result follows.
Now suppose that is odd. By [7] and [6] we have that 4 2(Sp( 1)) = Z(2 1)!
and 4 2(Sp( 2)) = Z((2 1)!( 24)) 24, respectively. So the first group has cardinality
greater than the second.
From the proof above we can see that the image of the generator of 4 2(Sp(
2)) in 4 2(Sp( 1)) is equal to 24 ( 24). This might have some relation with
the higher obstruction which is an element in the group 4 +2( 4 1) = 24 for 1.
REMARK. The result above shows that, at least in the case is not divisible
by 24, no non-vanishing tangent vector-field of 4 1 is transverse to the vertical bun-
dle. E.g. no nontrivial linear combination of the (4 ) 1 fields is transversal to the
vertical bundle, where ( ) means the number of linearly independent vector fields on
the sphere 1. Note that ( ) is always greater than 4 if is divisible by 8.
Finally, using the results above we analyze some cases where = 1 is a divisor
of + 1 and the principal bundle is over C .
Proposition 3.10. Suppose that one of the conditions below holds:
(1) is odd, greater than 1, and is odd
(2) is even
(3) = 1.
Then we have 1 1 we have .
Proof. The universal cover of the space is the sphere 2 +1; let : 2 +1
be the covering map. This is a map of degree and the composite of with
is 1. By standard obstruction theory, we have that ( 2 +1( )) is the obstruction
to have 1 1. The map is multiplication by and the obstructions lie in the
groups 2 +1( ) and 2 +1( 2 +1 ), respectively, where all these groups are iso-
morphic to the coefficient . The coefficient , by [4], is 2 +1(C C ). In or-
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der to compute this group, first observe that we can replace C by C 1, since
the inclusion C 1 C is a homotopy equivalence. Because the fibrations
2 1 C 1 and 2 +1 C have the same fibre, follows that the group in ques-
tion is isomorphic to 2 +1( 2 +1 2 1). Since the inclusion 2 1 2 +1 is homo-
topic to the constant map : 2 1 2 +1, the homotopy fibre of the constant map
is 2 1 2 +1. Therefore it follows that +1(C C ) = ( 2 1 2 +1)
for all 0 and in particular 2 +1(C C ) is equal to Z2 +Z for 1 and Z
for = 1. To finish the argument, first take = 1. Since the coefficient is isomor-
phic to Z, multiplication by in is injective. So we have if and only if
1 1
. In the remaining cases is always odd and multiplication by is injective.
As a corollary of the Theorem 3.5 and Proposition 3.10 we have:
Corollary 3.11. If is even for arbitrary . If either = 1 and = 2,
or and are odd, then .
REMARK. 1) It is not clear how to extend Proposition 3.10 to the quaternionic
case.
2) In the next section Corollary 3.11 will be slightly improved.
4. The multiple of certain bundle maps
Consider the generalized Hopf bundles C : 2 +1 C and H : 4 +3
H . In this section we study the following question: determine the integers ( ) such
that ( ) ( ) , where denote the fibre map. Finally, as result of the tech-
niques used, we make some improvement on Corollary 3.11.
We start with a general result.
Proposition 4.1. Let : be a map into a manifold where is differ-
ent from 2 dim( ) 2 if the dimension of is even. Then, there is a number such
that we have ( ) homotopy disjoint by small deformation if and only if Z.
Proof. By Proposition 2.13, the pairs ( ) which are homotopy disjoint
by small deformation are precisely those belonging to the kernel of the boundary ho-
momorphism : ( ) 1( 1) of the long exact sequence in homotopy of the
sphere bundle of the tangent bundle of . But by hypotheses 1 = 2( 1) 1
which implies that 1( 1) is finite.
Corollary 4.2. The obstructions to deform ( ) and ( ) to coincidence free
lie in the torsion part of 2 +1( 2 +1 Z + Z2) and 4 +3( 4 +3 Z + Z24), respectively,
for 1 and : 2 +1 C and : 4 +3 H arbitrary maps. For = 1 in
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the quaternionic case the group referred above is 7( 7 Z + Z12).
Proof. The obstruction to deform the pair ( ) coincidence free is times
the obstruction to deform the pair ( ) coincidence free by Proposition 2.12. Since
by Proposition 4.1, the obstruction to deform the pair ( ) vanishes for some
integer , the result follows. For the symplectic case let us first calculate the group
where the higher obstruction lies. Following [4], this group is 4 +3( 4 +3 ) = =
4 +2( 4 1 4 +3) (in fact +1(H H )= ( 4 1 4 +3) for all 0)
which is equal to Z24 +Z for 1 and Z12 +Z for = 1. From now on this is similar
to the complex case.
Since by the previous section 1 1 for odd we are only interested in the
case even.
Proposition 4.3. If is even then C C 2 .
Proof. We know that C C. This together with Corollary 4.2 above tell us
that the obstruction to deform the pair to coincidence free lies in Z2. The obstruction
of will be zero if and only if is even.
For the quaternionic case we have only a weak version of Proposition 4.3. As re-
sult of Theorem 3.9 we assume that 24 does not divide + 1.
Proposition 4.4. If + 1 is not divisible by 24 then:
(1) 1H 1H if 12
(2) For 1, H H if 24 .
Proof. Corollary 4.2 tells us that the obstruction to H H lies either in the
group Z24 or Z12. Then we apply Proposition 2.12.
Now we make one last application of Corollary 4.2 which improves Corol-
lary 3.11.
Proposition 4.5. Let be an integer such that 2 divides + 1. Then we have
.
Proof. First observe that the obstruction to deform the pair ( ) also lies in
the torsion part of the correspondent cohomology group. To see this, as in the proof
of Proposition 3.10, we have that the covering map 2 +1 induces a map in co-
homology at dimension 2 + 1 which is multiplication by , and carries the obstruction
to deform ( ) coincidence free into the obstruction to deform ( 1 1) coincidence
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free. Since the last one belongs to the torsion part by Corollary 4.2, the first one also
does. Now consider the two fold cover 2 . This map in cohomology takes the
obstruction for 2 into the obstruction for and the map is multiplication by 2. But
the obstruction for 2 is torsion annulated by multiplication by 2.
REMARK. Let 2 be the highest power of 2 which divides + 1. The Proposi-
tion 4.5 together with the other information from Section 2 tells us that if one knows
the answer for 2 then one has the answer for all cases.
Appendix
Let : 15 8 be the Hopf fibration defined using the Cayley multiplication.
We show that . The same proof works for the quaternionic Hopf fibration
: 7 4. It is not clear how the method used in the proof here, could be extended
to the 3-principal fibrations 4 +3 H . Also we do not see how the method used
in the Theorem 3.9 could be applied to analyze the fibration : 15 8.
Proposition. We have for the Hopf fibration : 15 8.
Proof. If we have , let be homotopic to and . Then
: 15 8 is homotopic to by Proposition 2.10, where is the antipodal map.
By the formula given in [11, section XI Theorem 8.5], and that the Whitehead product
[ 8 8] = 2 , see [9, Propositions 2.5 and 5.15], we have that = . So
we cannot have .
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